Abstract. Let k be an algebraically closed field, let Λ be a finite dimensional k-algebra, and let Λ be the repetitive algebra of Λ. For the stable category of finitely generated left Λ-modules Λ-mod, we show that the irreducible morphisms fall into three canonical forms: (i) all the component morphisms are split monomorphisms; (ii) all of them are split epimorphisms; (iii) there is exactly one irreducible component. We next use this fact in order to describe the shape of the Auslander-Reiten triangles in Λ-mod. We use the fact (and prove) that every Auslander-Reiten triangle in Λ-mod is induced from an Auslander-Reiten sequence of finitely generated left Λ-modules.
Introduction
Let k be an algebraically closed field and Λ be a finite dimensional k-algebra. Denote by Λ-mod the abelian category of finitely generated left Λ-modules and by D b (Λ-mod) the bounded derived category of Λ, which is a triangulated category. Let Λ be the repetitive algebra of Λ (see §2.1) and denote by Λ-mod the abelian category of finitely generated left Λ-modules and by Λ-mod its stable category. It follows from [9, Chap. II, §2.2] that Λ-mod is a triangulated category. Due to a fundamental result due to D. Happel, there exists a full and faithful exact functor of triangulated categories µ : D b (Λ-mod) → Λ-mod, such that µ extends the identity functor on Λ-mod, where Λ-mod is embedded in D b (Λ-mod) (resp. Λ-mod) as complexes (resp. modules) concentrated in degree zero. Moreover, µ is an equivalence if and only if Λ has finite global dimension (see [10, §2.3] ). This result allows us to describe the indecomposable objects and the corresponding morphisms in D b (Λ-mod) via Λ. However, it is also well-known that the description of this functor µ is rather difficult to visualize (see [3] ). In [11] , D. Happel et al. investigated the relationship between D b (Λ-mod) and Λ-mod from various points of view for algebras of infinite global dimension. One the other hand, it was proved by D. Hughes and J. Waschbüsch in [12, §2.5 ] that Λ-mod has Auslander-Reiten sequences and by D. Happel in [9] that Λ-mod has Auslander-Reiten triangles. Therefore, it is a natural task to investigate the behavior of Auslander-Reiten sequences and triangles involving left Λ-modules, which in turn rises the task of investigating the behavior of irreducible morphisms between left Λ-modules. Such task was approached in the more general setting of additive categories by M. J. Souto Salorio and R. Bautista in [4, §2] . More recently, the second author investigated in [7] the behavior of irreducible morphisms between objects in Λ-mod. This work was inspired by the second author's joint work with H. Merklen on the behavior of irreducible morphisms between objects in D b (Λ-mod) (see [8] ). This approach has been used recently by the second author together with E. Ribeiro Alvares and S. M. Fernandes in [15] to investigate the shape of Auslander-Reiten triangles in D b (Λ-mod). The goal of this article is to investigate the shape of AuslanderReiten triangles in Λ-mod and thus recover the results in [15] . Our main motivation is that the objects and the morphisms in Λ-mod are easier to understand than those in D b (Λ-mod). Our main results are Theorem 3.2, which extends [7, Thm. 26 ] to Λ-mod and Theorem 3.2, which provides a generalization of [15, §4.1] .
In Theorem 3.2, we prove that an irreducible morphism in Λ-mod falls into three possible canonical forms: (i) all the component morphisms are split monomorphisms; (ii) all of them are split epimorphisms; (iii) there is exactly one irreducible component. On the other hand, in Theorem 3.3 we describe the shape of the irreducible morphisms involved in Auslander-Reiten triangles with terms in Λ-mod. In order to achive our goals, we use the fact that every Auslander-Reiten triangle in Λ-mod is induced by an Auslander-Reiten sequence in Λ-mod (see Theorem 2.7).
This article is organized as follows. In §2, we review the definition of Λ and some basic aspects concerning the categories Λ-mod and Λ-mod. We also review the results from [7] concerning irreducible morphisms in Λ-mod as well as the definition of Auslander-Reiten sequences in Λ-mod and Auslander-Reiten triangles in Λ-mod. We also prove Theorem 2.7 and some useful corollaries. In §3, we prove Theorem 3.3. Finally, in §4, we provide an example of a finite dimensional gentle k-algebra Λ of infinite global dimension that verifies the results in Theorem 3.3.
This article constitutes the doctoral dissertation of the first author under the supervision of the other two.
Preliminary results
Throughout this article, we assume that k is a fixed algebraically closed field of arbitrary characteristic. If f : A → B and g : B → C are morphisms in a given category C, then the composition of f with g is denoted by g • f , i.e., the usual composition of morphisms. All modules considered in this article are assumed to be finitely generated, and unless explicitly stated, they will be from the left side. Let Λ be a fixed finite dimensional basic k-algebra. We denote by Λ-mod the abelian category of finitely generated Λ-modules, and by D(−) = Hom k (−, k) the standard k-duality on Λ-mod. In particular Q = DΛ is the minimal injective cogenerator of Λ-mod. Note that Q is also a finitely generated Λ-Λ-bimodule in the following way. For all ϕ ∈ Q, and a , a ∈ Λ, aϕa is the k-linear morphism that sends each a ∈ Λ to ϕ(a aa ).
Repetitive algebras.
Although the repetitive algebra of a finite dimensional k-algebra was originally introduced by D. Hughes and J. Waschbüsch in [12] , in this article, we follow the notation in [9, Chap. II, §2].
In the following, we recall that definition of the repetitive algebra Λ of Λ.
(i) The underlying k-vector space of Λ is given by Λ = i∈Z Λ ⊕ i∈Z Q . (ii) The elements of Λ are denoted by (a i , ϕ i ) i , where a i ∈ Λ, ϕ i ∈ Q and almost all of the a i , ϕ i are zero. (iii) The product of two elements (a i , ϕ i ) i and (b i , ψ i ) i in Λ is defined as
We refer the reader to [9, Chap. II, §2] for an interpretation of Λ as a doubly infinite matrix k-algebra. The finitely generated Λ-modules are of the form M = (M i , f i ) i∈Z , where for each i ∈ Z, M i is a finitely generated Λ-module, all but finitely many being zero, and f i is the morphism of Λ-modules
, where id Q denotes the identity morphism on Q. We can visualize a finitely generated Λ-module M as follows:
We denote by Λ-mod the abelian category of finitely generated Λ-modules. By using the description of objects in Λ-mod given in (2.1), we can also visualize morphisms h : M → M in Λ-mod as follows.
(2.2)
M :
In the situation of (2.2), we call each h i the i-th component morphism of h.
Remark 2.1. Let T Λ be the trivial extension of Λ, i.e., T Λ = Λ ⊕ Q as k-vector spaces and the product is defined as
for all a, b ∈ Λ and ϕ, ψ ∈ Q. It was noted in [9, Chap. II, §2.4] that T Λ is a Z-graded algebra, where the elements of Λ ⊕ Q are the elements of degree 0 and those in 0 ⊕ Q are the elements of degree 1. Moreover, if T Λ Z -mod is the category of finitely generated Z-graded T Λ-modules with morphisms of degree 0, then the categories Λ-mod and T Λ Z -mod are equivalent. Moreover, by the remarks in [13, Chap.
It follows from [9, Chap II, §2.2] that Λ-mod is a Frobenius category in the sense of [9, Chap. I, §2], i.e., Λ-mod is an exact category in the sense of [14] which has enough projective as well as injective objects, and these classes of objects coincide. As a matter of fact, the indecomposable projective-injective Λ-modules are given by
where I is an indecomposable injective Λ-module and ϕ I is the isomorphism of Λ-modules Q⊗ Λ Hom Λ (Q, I) → I. We denote by Λ-mod the stable category of Λ-mod, i.e., the objects of Λ-mod are the same as those in Λ-mod, and two morphisms h, h : M → M in Λ-mod are identified provided that h − h factors through a finitely generated projective-injective Λ-module. For all objects M in Λ-mod, we denote by Ω −1 M the first cozyzygy of M , i.e., Ω −1 M is the cokernel of an injective Λ-module hull M → I( M ), which is unique up to isomorphism. It follows from [9, Chap. I, §2.2] that Ω −1 induces an automorphism of Λ-mod. Moreover, it follows from [9, Chap. I, §2.6] that Λ-mod is a triangulated category in the sense of [18] whose translation functor is Ω −1 . More precisely, a distinguished triangle
where h is the stable class of h in Λ-mod. Moreover, every short exact sequence in Λ-mod induces a distinguished triangle in Λ-mod (see also [6, Lemma 1.2] for more details). Let D b (Λ-mod) be the bounded derived category of Λ, which is also a triangulated category (see [18] 
. Throughout the remainder of this article, we refer to a split monomorphism (resp. split epimorphism) as a split mono (resp. split epi). Recall also that f is said to be irreducible if f is neither a split mono nor a split epi and if f = v • u for some morphisms u : X → Z and v : Z → Y in A, then either u is a split mono or v is a split epi. 
Proof. It is enough to prove (i) for the statement in (ii) is obtained in a similar way. Assume then that
Then it follows that for all 1 ≤ k ≤ m, h k is neither a split mono nor a split epi. This in particular implies that h ∈ rad Λ ( M , M ). Let k ∈ {1, . . . , m} be fixed but arbitrary, and consider the natural projection π k : M → M k which is a split epi. It follows from [4, Prop. 2.18 ] that h k = π k • h is also an irreducible morphism in Λ-mod. This finishes the proof of Lemma 2.3. Then h is split mono (resp. split epic, resp. irreducible) if and only if h is split mono (resp. split epic, resp. irreducible).
We need the following consequence of Theorem 2.4. Proof. Assume without loss of generality that M is indecomposable and that M = m k=1 M k is a direct sum of indecomposable Λ-modules. Thus we can also assume that h = ( h k ) and h = ( h k ), where for each 1 ≤ k ≤ m, h k , h k : M → M k is a morphism of Λ-modules. Note that by Theorem 2.4, since h = h in Λ-mod, it follows that h and h are both irreducible morphisms in Λ-mod. Moreover, h − h = v • u, where u : M → P and v : P → M , where P is a projective Λ-module. Thus for each 1 ≤ k ≤ m, there exists an indecomposable projective Λ-module
Since h and h are both irreducible in Λ-mod, it follows by Lemma 2.3 (i) that h k0 and h k0 are irreducible, i.e. h k0 , h k0 ∈ Irr( M , M k0 ). Since the latter is a k-vector space, it follows that v k0 • u k0 ∈ Irr( M , M k0 ), i.e. v k0 • u k0 is irreducible in Λ-mod. Therefore, v k0 is split epic or u k0 is split mono, which in turn gives that either of the Λ-modules M and M k0 is a direct summand of P k0 and thus either of M or M has projective direct summands. This contradicts our assumption, and hence h = h in Λ-mod.
Let h : M → M be a morphism in Λ-mod. Following [7, Def. 14]), we say that h is smonic (resp. sepic) if in the situation of (2.2), h i is split mono (resp. split epi) for all i ∈ Z.
The following result classifies the shape of the irreducible morphisms in Λ-mod.
Then under the situation of (2.2), h satisfies one of the following conditions.
(i) For all i ∈ Z, h i is a split mono, i.e., h is smonic.
(ii) For all i ∈ Z, h i is a split epi, i.e., h is sepic. (iii) There exists i 0 ∈ Z such that h i0 is neither a split mono nor a split epi. In this situation, i 0 is unique and h i0 is an irreducible morphism in Λ-mod.
An irreducible morphism h : M → M in Λ-mod satisfying the situation in Theorem 2.6 (iii) is said to be sirreducible.
Auslander-Reiten sequences in Λ-mod and Auslander-Reiten triangles in
is an Auslander-Reiten sequence if the following properties are satisfied.
(ARS1) The morphism h is not split mono and for all morphisms v : M → N in Λ-mod that are not split mono, there exists a morphism u : M → N in Λ-mod such that v = u • h, i.e., h is left almost split. (ARS2) The morphism h is not split epic and for all morphisms u : N → M in Λ-mod that are not split epi, there exists a morphism v :
Assume that (2.5) is an Auslander-Reiten sequence in Λ-mod. In this situation, we say that (2.5) starts (resp. ends ) at M (resp. M ). By [12, §2.5] , it follows that Λ-mod has Auslander-Reiten sequences, i.e. for all indecomposable Λ-modules M (resp. M ) in Λ-mod, there is an Auslander-Reiten sequence that starts (resp. ends) at M (resp. M ).
Following [9, Chap. I, §4], we say that a distinguished triangle as in (2.4) in Λ-mod is an Auslander-Reiten triangle if the following properties are satisfied.
(ART1) The Λ-modules M and M are indecomposable.
Assume that (2.4) is an Auslander-Reiten triangle. It follows from [9, §1.4] that h is not a split mono and that h is not a split epic. Moreover, by [9, Chap. I, §4.2], it follows that the following condition is satisfied.
As before, if (2.4) is an Auslander-Reiten triangle, then we say that (2.4) starts (resp. ends) at M (resp. M ). It is straightforward to prove that Auslander-Reiten sequences in Λ-mod induce AuslanderReiten triangles in Λ-mod. In particular, we have that Λ-mod has Auslander-Reiten triangles, i.e., for all indecomposable objects M (resp. M ) in Λ-mod there exists an Auslander-Reiten triangle that starts (resp. ends) at M (resp. M ). However, it is not completely clear that every Auslander-Reiten triangle in Λ-mod is induced by an Auslander-Reiten sequence in Λ-mod. We approach this situation in the following result.
Theorem 2.7. Assume that (2.4) is an Auslander-Reiten triangle in Λ-mod, such that neither M nor M nor M has projective direct summands in Λ-mod. Then there exists an Auslander-Reiten sequence in Λ-mod
such that P is a projective Λ-module and (2.6) induces the Auslander-Reiten triangle (2.4). Moreover, if P = 0, then P is indecomposable, M ∼ = rad P and M ∼ = P /soc P as Λ-modules.
Proof. Assume that (2.4) is an Auslander-Reiten triangle in Λ-mod such that neither of its terms has projective direct summands in Λ-mod. By [9, Chap. I, §4.3], we have that the morphisms h and h are irreducible in Λ-mod. By hypothesis and Theorem 2.4, we obtain that h is also irreducible in Λ-mod and which is not a split mono. It follows that there exists an Auslander-Reiten sequence starting at M given by
which in turn induces an Auslander-Reiten triangle in Λ-mod given by
We next show that Y is a projective Λ-module. Assume that Y = Y ⊕ P , where Y is a Λ-module without projective direct summands and P is a projective Λ-module. Thus we can assume further that α = (
where
is a source morphism in Λ-mod, and since h is not split mono, there
Similarly, since h is a source morphism and ( h, α 1 ) t is not a split mono, there exists ψ :
, which implies that γ • ψ and ψ • γ are both automorphisms. there is an isomorphism M ∼ = M in Λ-mod. Since neither M nor M has projective direct summands, it follows that M ∼ = M are isomorphic in Λ-mod, and thus we obtain that the short exact sequence (2.7) induces (2.6). In particular, (2.6) is also an Auslander-Reiten sequence.
Next assume that P = 0. Since α : M → P is irreducible, it follows that α is a monomorphism. Let
Since ι M is not a split mono, it follows that δ is a split epi. On the other hand, since ι M is an essential monomorphism, it follows that δ is also a monomorphism, which implies that δ is an isomorphism of Λ-modules and thus α is also an essential monomorphism. Assume that P = P ⊕ P with P and P non-zero Λ-modules. Therefore, Im α = (Im α ∩ P ) ⊕ (Im α ∩ P ). This shows that P is an essential extension of Im α. Therefore, Im α ∩ P = 0 and Im α ∩ P = 0. Moreover, M ∼ = Im α = (Im α ∩ P ) ⊕ (Im α ∩ P ), which contradict that M is indecomposable. This shows that P is indecomposable. Now consider the natural inclusion of Λ-modules ι rad P : rad P → P . It follows from [7, Example 43 (i)] that ι rad P is irreducible, which is also right almost split. Therefore, there exists λ : M → rad P such that α = ι rad P • λ. It follows that λ is split mono. Since rad P is the unique maximal submodule of P , it follows that ι rad P induces a morphism of Λ-modules ι P : P /rad P → P /Im λ. It follows that ι P • π P = π α , where π P : P → P /rad P and π α : P → P /Im α are the natural projections of Λ-modules. Therefore, there exists a morphism of Λ-modules σ : rad P → M such that ι rad P = α • σ = ι rad P • ( λ • σ). Since ι rad P is a monomorphism, it follows that id rad P = λ • σ. This implies that λ is epimorphism, hence an isomorphism, i.e, M ∼ = rad P as Λ-modules. The proof of the second isomorphism M ∼ = P /soc P is obtained by duality. This finishes the proof of Theorem 3.2.
Corollary 2.8. Consider the Auslander-Reiten sequence of Λ-modules
where P is an indecomposable projective Λ-module and π P : P → P /soc P is the natural projection. Then we have the following.
(i) The morphism h is an epimorphism, and h is a monomorphism.
Proof. Note that the proof of (i) is immediate from the facts that ι rad P is a monomorphism and π P is an epimorphism. Next we prove (ii). Note that P is of the form (2.10)
whose non-zero terms are in degree i 0 and i 0 + 1 for some i 0 ∈ Z, where I is an indecomposable injective Λ-module. Then rad P can be viewed as
) is the natural inclusion. Therefore the morphism of Λ-modules h : rad P → M can be viewed as
It follows from (i) that h is an epimorphism, and thus each h i is also an epimorphism for all i ∈ Z, which implies that M i = 0 for all n = i 0 , i 0 + 1.
Main results
Let h : M → M be an irreducible morphism in Λ-mod, where either M or M is indecomposable and both have no projective direct summands as objects in Λ-mod. As before, it follows by Theorem 2.4 that h : M → M is also irreducible. Thus h satisfies one of the properties (i)-(iii) in Theorem 2.6. Moreover, if h : M → M is another morphism in Λ-mod such that h = h in Λ-mod, then by Corollary 2.5, h = h in Λ-mod. Thus h is smonic (resp. sepic, resp. sirreducible) if and only if so is h . This argument motivates the following definition concerning irreducible morphisms in Λ-mod. Definition 3.1. Let h : M → M be an irreducible morphism in Λ-mod. Assume further that either M or M is an indecomposable Λ-module and that both have no projective direct summands as objects in Λ-mod. We say that h is stably smonic (resp. stably sepic, resp. stably sirreducible) provided that h is smonic (resp. sepic, resp. sirreducible) as a morphism of Λ-modules.
Our first main result is a direct consequence of Theorem 2.4, Corollary 2.5 and Definition 3.1.
Theorem 3.2. Let h : M → M be an irreducible morphism in Λ-mod. Assume further that either M or M is an indecomposable Λ-module and that both have no projective direct summands as objects in Λ-mod. Then h is either stably smonic or stably sepic or stably sirreducible.
Our second main result is the following which gives an interpretation of the shape of the Auslander-Reiten triangles in Λ-mod.
We prove Theorem 3.3 by proving the following lemmata and by using the fact that every Auslander-Reiten triangle in Λ-mod is induced by an Auslander-Reiten sequence in Λ-mod (see Theorem 2.7).
Lemma 3.4. Consider the short exact sequence of Λ-modules as in (2.5).
(i)
If h is smonic, then h is sepic. (ii) If (2.5) is an Auslander-Reiten sequence and h is sirreducible, then h is sirreducible.
Proof. (i).
Assume that h is smonic. It follows by Remark 2.1 that for all i ∈ Z, the short exact sequence
− → M i → 0 splits, which implies that h i is split epic. This proves that h is sepic. (ii). Assume that (2.5) is an Auslander-Reiten sequence and that h is a morphism sirreducible. Therefore there exists a unique i 0 ∈ Z such that h i0 : M i0 → M i0 is an irreducible morphism of Λ-modules. By using Remark 2.1, we can consider the following short exact sequence of Λ-modules
Since we are assuming that (2.5) is an Auslander-Reiten sequence with h irreducible, it follow that h is also irreducible. By Theorem 2.6, we have that h is either smonic, or sepic, or sirreducible. If h is smonic, then h i0 is split mono and thus an isomorphism, which implies that h i0 is zero, which contradict that h i0 is irreducible. On the other hand, if h is sepic, then h i0 is split epic, which implies that (3.1) splits and thus h i0 is split mono, which again contradicts that h i0 is irreducible. Therefore, h has to be sirreducible.
Lemma 3.5. Consider the Auslander-Reiten sequence of Λ-modules as in (2.9). Assume further that M has no projective direct summands.
(i) If h is sepic, then h is sirreducible.
(ii) If P is as in (2.3) with Hom Λ (Q, I) a simple projective Λ-module and h is sirreducible, then h is smonic. (iii) If P is as in (2.3) with Hom Λ (Q, I) a non-simple projective Λ-module and h is sirreducible, then h is sirreducible.
Assume that the non-zero terms of P are in degree i 0 and i 0 + 1 for some i 0 ∈ Z. It follows by Corollary 2.8 that if M = (M i , f i ) i∈Z , then M i = 0 for all i = i 0 , i 0 + 1. This implies that in this situation the Auslander-Reiten sequence (2.9) can be viewed as follows.
where the non-zero columns are short exact sequences of Λ-modules and π I : I → I/soc I is the natural projection. Therefore, ι = −h i0 • h i0 and π I = −h i0+1 • h i0+1 . It follows that h i0 is a monomorphism and since h is sepic, we also have that h i0 is also split epic, which implies that h i0 is an isomorphism. Since ι : rad Hom Λ (Q, I) → Hom Λ (Q, I) is irreducible, we obtain that h i0 is also irreducible in Λ-mod. On the other hand, we also have that h i0+1 is split epic, which implies that I = M i0+1 ⊕ ker h i0+1 . Suppose that ker h i0+1 = 0, i.e. h i0+1 is a monomorphism. Since h is a monomorphism of Λ-modules by Corollary 2.8 (i), it follows by Remark 2.1 that h i0+1 is also a monomorphism of Λ-modules, which implies that π I is also a monomorphism. Therefore π I is also an isomorphism, which contradicts the fact that π I is an irreducible morphism in Λ-mod. Hence ker h i0+1 = 0. Since I is indecomposable, we obtain that M i0+1 = 0, h i0+1 = 0, h i0+1 = 0 and thus π I = 0. Thus h is sirreducible.
(ii). As before, we associate to the Auslander-Reiten sequence (2.9) a diagram as in (3.2). Assume next that h is sirreducible and that the term Hom Λ (Q, I) in P is a simple projective Λ-module. This implies that rad Hom Λ (Q, I) = 0. By Corollary 2.8 (i), we have that h is un epimorphism, which implies that h i0 = 0, M i0 = 0 and h i0 = 0 which is trivially a split mono. Since h is sirreducible, we have that h i0+1 is an irreducible morphism of Λ-modules which together with the fact that π I is also irreducible, we obtain that h i0+1 is a split epi morphism of Λ-modules. On the other hand, again by Corollary 2.8 (i) we obtain that h is a monomorphism of Λ-modules, which together with Remark rem1.1 gives us that h i0+1 is an isomorphism, which is trivially a split mono. Thus h is smonic.
(iii). As before, we can consider the diagram (3.2), where h i0 and h i0+1 are both monomorphisms of Λ-modules. In particular, we have that h i0+1 is an isomorphism. Since h is sirreducible, it follows that either h i0 is irreducible and h i0+1 is a split mono, or h i0 is split epi and h i0+1 is irreducible morphism of Λ-modules. If the first case holds, then together with the fact that ι : rad Hom Λ (Q, I) → Hom Λ (Q, I) is irreducible, we obtain that h i0 is split epi, which further implies that h i0 is an isomorphism. This proves that h is an isomorphism which contradicts that h is irreducible morphism of Λ-modules. It follows that h i0 is split epi and h i0+1 is irreducible morphism of Λ-modules. Since h i0 cannot be split epi for this will give again the above contradiction, it follows that h i0 is also split mono, which implies that h i0 is an isomorphism. This gives us that h i0 is irreducible and hence h is sirreducible. This finishes the proof of Lemma 3.5.
Remark 3.6. Note that in the situation of Lemma 3.5 (i), we obtain that if P is as in (2.3), then I is a simple injective Λ-module.
Proof of Theorem 3.3. Assume that (2.4) is an Auslander-Reiten triangle, where M , M and M have no projective direct summands as objects in Λ-mod. Then by Theorem 2.7, there exists an Auslander-Reiten sequence as in (2.6) that induces (2.4) and such that h is equal to h module an isomorphism. Thus by Corollary 2.5, we can assume that h = h . If h is stably smonic, then by definition h is smonic, which implies that h is also a monomorphism. Assume that P = 0 in (2.6). Then by Theorem 2.7, it follows that P is indecomposable projective Λ-module and the Auslander-Reiten sequence (2.6) is as in (2.9), which together with Corollary 2.8 (i) gives that h is also an epimorphism. This contradicts the fact that h is irreducible, and thus P = 0. Then by Lemma 3.4 (i) we obtain that h is sepic and thus h is stably sepic. Next assume that h is stably sepic. In this situation, if P = 0 in (2.6), then we obtain that h is an isomorphism which again contradicts that h is irreducible. Thus P = 0 and the Auslander-Reiten sequence (2.6) becomes as in (2.9). Then by Lemma 3.5 (i), we obtain that h is sirreducible, which gives that h is stably sirreducible. Finally assume that h is stably sirreducible. If P = 0, then the Auslander-Reiten sequence (2.6) is as in (2.5). By Lemma 3.4 (ii), we obtain that h is sirreducible. If P = 0, then as before (2.6) is as in (2.9) and P is an indecomposable projective Λ-module, i.e. P is of the form (2.3). If the term Hom Λ (Q, I) of P is simple, then we obtain by Lemma 3.5 (ii) that h is smonic and thus h is stably smonic. Similarly, if Hom Λ (Q, I) is non-simple, then by Lemma 3.5 (iii) we obtain that h is sirreducible and thus h is stably sirreducible. This finishes the proof of Theorem 3.3.
An example
Let Λ = kQ/ ρ be the basic finite dimensional algebra whose quiver with relations is given as follows:
Observe that Λ is a gentle algebra in the sense of [2] of infinite global dimension. It follows from the results in [17] that Λ is special biserial (in the sense of [19] ) and that Λ = k Q/ ρ , where Q is given by
and ρ is given by
It follows that the radical series of the indecomposable projective Λ-modules Q can be represented as follows. Since Λ and Λ are both special biserial, it follows that all the indecomposable non-projective Λ-modules and Λ-modules, respectively can be represented combinatorially by using so-called strings and bands for Λ and Λ, respectively. The corresponding indecomposable modules are called string and band Λ-modules and Λ-modules. respectively. Moreover, the irreducible morphisms between string Λ-modules are completely described by using so-called hooks and co-hooks. If S is a string for Λ, we denote by M In the following, we check that Λ verifies all the possibilities in Theorem 3.3. In the followsing z ∈ Z is a fixed both arbitrary integer.
(i) Consider the Auslander-Reiten triangle (4.1)
